Using the methods developed for different Bianchi class A cosmological models we treat the simplest Bianchi class B model , namely Bianchi type V. The future non-linear stability for solutions of the Einstein-Vlasov system is demonstrated and it is shown that these solutions are asymptotically stable to the Milne solution. Within the isotropic solutions of the Einstein-Vlasov system the spatially flat Friedmann solution is unstable within this class, and expanding models tend also to the Milne solution.
Introduction
spatially homogeneous tilted perfect fluid models were studied in [5, 6] . It was shown that for ultra-radiative equations of state (i.e., γ > 4/3), generically the tilt becomes extreme at late times and the fluid observers will reach infinite expansion within a finite proper time and experience a singularity. In particular, for irrotational Bianchi type V perfect fluid models with 4/3 < γ < 2, to the future the fluid world-lines become null (with respect to the geometric congruence), and the expansion, the shear, the acceleration, and the length scale all diverge but the matter density (and curvature scalars) tend to zero (i.e. the models end at a kinematic singularity) [5, 6] .
We show here that solutions of the Einstein-Vlasov system with Bianchi V symmetry assuming small data in a sense which will be specified later are asymptotically stable to the Milne solution as well. The Milne solution can be seen as quotient of the interior of the future light cone of a point in Minkowski space. This solution is also a motivation for the weak global asymptotics conjecture of Anderson [2] which is related to the geometrization of 3-manifolds. Moreover the Milne solution is stable under perturbations in the vacuum setting [3] . Ringström has linked this conjecture to the isotropization of the Universe as a consequence of the evolution, in the sense that the fraction of observers considering the universe to tend to become isotropic tends to unity asymptotically [22] . This idea contrastd with the result of Collins and Hawking who showed that for physically reasonable matter the set of spatially homogeneous cosmological models which approach isotropy at infinite times is of measure zero in the space of all spatially homogeneous models [7] . We also note that a generalized notion of the K = −1 Friedmann-Lemaître cosmologies has also applications to the averaging problem [17] .
The Einstein-Vlasov system
A cosmological model represents a universe at a certain averaging scale. It is described via a Lorentzian metric g αβ (we will use signature -+ + +) on a manifold M and a family of fundamental observers. The metric is assumed to be time-orientable, which means that at each point of M the two halves of the light cone can be labelled past and future in a way which varies continuously from point to point. This enables us to distinguish between future-pointing and past-pointing timelike vectors. The interaction between the geometry and the matter is described by the Einstein field equations (we use geometrized units i.e. the gravitational constant G and the speed of light in vacuum c are set equal to one):
where G αβ is the Einstein tensor and T αβ is the energy-momentum tensor. For the matter model we will take the point of view of kinetic theory [25] . The sign conventions of [21] are used. Also the Einstein summation convention that repeated indices are to be summed over is used. Latin indices run from one to three and Greek ones from zero to three.
Consider a particle with non-zero rest mass which moves under the influence of the gravitational field. The mean field will be described now by the metric and the components of the metric connection. The worldline x α of a particle is a timelike curve in spacetime. The unit futurepointing tangent vector to this curve is the 4-velocity v α and p α = mv α is the 4-momentum of the particle. Let T x be the tangent space at a point x α in the spacetime M , then we define the phase space for particles of arbitrary rest masses P to be the following set:
which is a subset of the tangent bundle
For particles of the same type and with the same rest mass m which is given by the mass shell relation:
we have the phase space P m for particles of mass m:
We will consider from now on that all the particles have unit mass. We have then that the possible values for the 4-momenta are all future pointing unit timelike vectors. These values form the hypersurface:
which we will call the mass shell. The collection of particles (galaxies or clusters of galaxies) will be described (statistically) by a non-negative real valued distribution function f (x α , p α ) on P 1 . This function represents the density of particles at a given spacetime point with given fourmomentum. A free particle travels along a geodesic. Consider now a future-directed timelike geodesic parametrized by proper time s. The tangent vector is then at any time future-pointing unit timelike. Thus the geodesic has a natural lift to a curve on P 1 by taking its position and tangent vector. The equations of motion thus define a flow on P 1 which is generated by a vector field L which is called geodesic spray or Liouville operator. The geodesic equations are:
; dp
where the components of the metric connection, i.e. Γ αβγ = g(e α , ∇ γ e β ) = g αδ Γ δ βγ can be expressed in the vector basis e α as [(1.10.3) of [26] ]:
The commutator of the vectors e α can be expressed with the following formula:
where η γ αβ are called commutation functions. The restriction of the Liouville operator to the mass shell using the geodesic equations it has the following form
We will consider the collisionless case which is described via the Vlasov equation:
The unknowns of our system are a 4-manifold M , a Lorentz metric g αβ on this manifold and the distribution function f on the mass shell P 1 defined by the metric. We have the Vlasov equation defined by the metric for the distribution function and the Einstein equations. It remains to define the energy-momentum tensor T αβ in terms of the distribution and the metric. Before that we need a Lorentz invariant volume element on the mass shell. A point of a the tangent space has the volume element |g (4) | 1 2 dp 0 dp 1 dp 2 dp 3 (g (4) is the determinant of the spacetime metric) which is Lorentz invariant. Now considering p 0 as a dependent variable the induced (Riemannian) volume of the mass shell considered as a hypersurface in the tangent space at that point is
2 dp 0 dp 1 dp 2 dp 3 , where δ is the Dirac distribution function and H(p α ) is defined to be one if p α is future directed and zero otherwise. We can write this explicitly as:
2 dp 1 dp 2 dp 3 .
Now we define the energy momentum tensor as follows:
We will assume that f has compact support in momentum space for each fixed t. One can show that T αβ is divergence-free and thus it is compatible with the Einstein equations. For collisionless matter all the energy conditions hold (for details we refer to [20] ). In particular the dominant energy condition is equivalent to the statement that in any orthonormal basis the energy density dominates the other components of T αβ , i.e. T αβ ≤ T 00 for each α, β (P. 91 of [11] ). Using the mass shell relation one can see that this holds for collisionless matter. The non-negative sum pressures condition is in our case equivalent to g ab T ab ≥ 0. For forever expanding Bianchi models (Friedmann solutions are a subset) coupled to dust or to collisionless matter the spacetime is future complete (theorem 2.1 of [19] ). For a general introduction into the initial value problem we refer to [21, 22] .
Description of Bianchi spacetimes via the metric approach
The only Bianchi spacetimes which admit a compact Cauchy hypersurface are Bianchi I and IX. In order to be not that restrictive we will consider locally spatially homogeneous spacetimes. They are defined as follows. Consider an initial data set on a three-dimensional manifold S. Then this initial data set is called locally spatially homogeneous if the naturally associated data set on the universal coveringS is homogeneous. For Bianchi models the universal covering spaceS can be identified with its Lie group G. A Bianchi spacetime admits a Lie algebra of Killing vector fields with basis k 1 , k 2 , k 3 and structure constants C c ab , such that:
The Killing vector fields k a are tangent to the group orbits which are called surfaces of homogeneity. If one chooses a unit vector field n normal to the group orbits we have a natural choice for the time coordinate t such that the group orbits are given by a constant t. This unit normal is invariant under the group. One can now choose a triad of spacelike vectors e a that are tangent to the group orbits and that commute with the Killing vector fields. A frame {n, e a } chosen in this way is called a left invariant frame and it is generated by the right invariant Killing vector fields. Since n is hypersurface orthogonal the vector fields e a generate a Lie algebra with structure constants η c ab . It can be shown that this Lie algebra is in fact equivalent to the Lie algebra of the Killing vector fields. Thus one can classify the Bianchi spacetimes using either the structure constants or the spatial commutation functions of the basis vectors. The remaining freedom in the choice of the frame is a time-dependent linear transformation, which can be used to introduce a set of time-independent spatial vectors E a . The corresponding commutation functions are then constant in time and one can make them equal to the structure constants:
If W a denote the 1-forms dual to the frame vectors E a the metric of a Bianchi spacetime takes the form:
where g ab (and all other tensors) on G will be described in terms of the frame components of the left invariant frame which has been introduced. The structure constants can be put in the following form, where ν is a symmetric matrix and the vector (a 1 , a 2 , a 3 ) is not identically zero only for the Bianchi class B:
3+1 Decomposition of the Einstein equations
We will use the 3+1 decomposition of the Einstein equations as made in [21] . Comparing our metric (2) with (2.28) of [21] we have that α = 1 and β a = 0 which means that the lapse function is the identity and the shift vector vanishes. There the abstract index notation is used. We can interpret the quantities as being frame components. For details we refer to chapter 2.3 of [21] .
There are different projections of the energy momentum tensor which are important
where ρ is the energy density and j a is the matter current.
The second fundamental form k ab can be expressed as:
The Einstein equations:
where we have used the notations S = g ab S ab , k = g ab k ab , and R ab is the Ricci tensor of the threedimensional metric. The evolution equation for the mixed version of the second fundamental form is (2.35) of [21] :k
From the constraint equations since k only depends on the time variable we have that:
where R is the Ricci scalar curvature. Taking the trace of (5) and using (6) to eliminate the energy density we obtain:k
Time origin choice and new variables
Now with the 3+1 formulation our initial data are (g ij (t 0 ), k ij (t 0 ), f (t 0 )), i.e. a Riemannian metric, a second fundamental form and the distribution function of the Vlasov equation, respectively, on a three-dimensional manifold S(t 0 ). This is the initial data set at t = t 0 for the Einstein-Vlasov system. We know that future geodesic completeness holds [19] . We assume that k < 0 for all time following [18] . This enables us, since one can always add an arbitrary constant to the time origin, to set w.l.o.g.
The reason for this choice will become clear later and is of technical nature. We will now introduce several new variables in order to use the ones which are common in cosmology. We can decompose the second fundamental form introducing σ ab as the trace-free part:
Using the Hubble parameter:
we define:
and
Define also:
From (6) we obtain the constraint equation:
and from (8) the evolution equation for the Hubble variable:
Combining the last two equations with (5) we obtain the evolution equations for Σ − and Σ + :
The equation for the non-diagonal elementṡ
Vlasov equation with Bianchi symmetry
We assume that the distribution function has the same symmetry as the geometry, thus in our left-invariant frame f will not depend on x a . Moreover it turns out that the equation simplifies if we express f in terms of p i instead of p i what we can do due to the mass shell relation. Because of our special choice of frame the metric has the simple form (2), thus the first three terms of (1) vanish. Due to the fact that we are contracting and the antisymmetry of the structure constant we finally arrive at:
From (16) it is also possible to define the characteristic curve V a :
for each V i (t) =v i givent. Note that if we define:
due to the antisymmetry of the structure constants we have with (17):
Let us also write down the components of the energy momentum tensor in our frame:
T 0j = − f (t, p a )p j √ gdp 1 dp 2 dp 3 ,
√ gdp 1 dp 2 dp 3 .
4 Isotropic spacetimes with collisionless matter
Let us start with some considerations concerning isotropic spacetimes. This section is in a sense independent of the following ones, but it may add some intuition and motivation to the study of Bianchi V spacetimes. The Robertson-Walker metric is as follows:
where a is the (positive) scale factor and K is the curvature parameter of the hypersurfaces of constant cosmological time. The cases K = −1, 0, 1 are the hyperboloid (open, special case of Bianchi V and VII h with h = 0), flat space (special case of Bianchi I and Bianchi VII 0 ) and the 3-sphere (closed, special case of Bianchi IX) respectively. The isotropy forces the energy momentum tensor to have the algebraic form T αβ = ρu a u b + P (g ab + u a u b ) where ρ is the energy density and P the pressure. It was shown in [13] that the distribution function can be expressed in terms of
3 ) the energy density and the pressure then take the following form:
We can see that ρ and P are non-negative and
The standard Friedmann equations are
Using the Hubble variable which in this case is H =ȧ a , the equations can be put in the following manner
where the first equation was used in the second one. Differentiating (25) and using (26)
Using (25) in (26)
This inequality means that H is always decreasing or can become a constant. Since H(t 0 ) is assumed to be positive there are in principle two possibilities. Either H remains always positive or vanishes at some finite time. Consider the first case and K = 1. Then a is increasing but ρ is decreasing. Thus at some point, for ρ c = 3 8πa 2 c , in contradiction to the assumption that it is always positive, the quantity H vanishes. In particular with (26)
Thus H will decrease forever until the metric becomes singular.
Late-time behaviour K ≤ 0
Let us assume now that K = 0 or K = −1. Looking at (26) the possibility that H vanishes is only possible asymptotically since ρ and − K a 2 are otherwise positive. Thus we have that the Universe expands forever, i.e. a tends to infinity. One can obtain also estimates for a. Summing the equation (25) to (26)
Thus for K ≤ 0 we obtain with (24) and (28):
Integrating and using (9)
Thus for both H andḢ are uniformly bounded. Using that H =ȧ a and integrating the last equation we also have
Let us consider now the limits of ρ and P for the asymptotic regimes of a. Let us start with the case where a tends to infinity. Following [22] (cf. Chapter 28) we arrive at
Thus for large t
Using the estimate for a we see that that asymptotically there is a dustlike behaviour since
The dustlike behaviour towards the future was already established in e.g. Corollary 3 of [8] .
Instability of K = 0
Define a new time variable via
We then obtain
the Hamiltonian constraint reads
For K ≤ 0 we have Ω ∈ [0, 1]. The evolution equation of Ω is using (27):
Since the variable Ω is bounded the same follows for P/H 2 due to (24) . This means then that dΩ dτ is bounded. The derivative of this expression is bounded if it is the derivative of P/H 2 . This can be achieved using the Vlasov equation, integrating by parts and using the fact that f has compact support. Note also that the structure constants are bounded for the cases in consideration here (see Table 6 .1 of [24] for explicit expressions). Now all the relevant quantities are bounded. Let {τ n } be a sequence tending to infinity and let
Using the bounds already listed, the Arzela-Ascoli theorem [23] can be applied. This implies that, after passing to a subsequence, H n , Ω n , (P/H 2 ) n converge uniformly on compact sets to a limit H ∞ , Ω ∞ , (P/H 2 ) ∞ respectively. The first derivative of these variables converges to the corresponding derivative of the limits. Using now the fact that (P/H 2 ) ∞ is zero we have:
If K = 0 which is equivalent with Ω = 1 we have an equilibrium point of Ω. If K = −1 then 0 < Ω < 1 and dΩ dτ < 0 until Ω is zero and the solution converges to the Milne solution. We cannot apply the Arzela-Ascoli theorem if K = 1 since for instance Ω will become unbounded. However looking at the regime where a tends to zero, by the same methods discussed previously we obtain
Thus in the regime where a tends to zero
We see from (29) and (30) that K = 0 which means Ω = 1 is an unstable equilibrium point.
5 Asymptotic behaviour of Bianchi V spacetimes
Bianchi V spacetimes
For Bianchi V spacetimes the trace free part of the Ricci tensor is zero (cf. e.g. 1.69 of [9] ).Thus we have
This has the consequence that the evolution equations for the Σ variables simplify considerably:
Moreover
DefineÃ = 1 − A which is positive due to the constraint equatioṅ
The Milne solution
When one considers the Einstein-Euler system the solutions are future asymptotic to the Milne solution which in our left-invariant frame has the following spatial form:
In the variables defined, this solution corresponds to Σ a b = 0 for all a, b and A = 1 orÃ = 0. Our aim is a small data result and we want to show that solutions of the Einstein-Vlasov system with Bianchi V symmetry are asymptotically stable to the Milne solution.
Bootstrap assumptions for Bianchi V
In the following assumptions the ̟ with different indices are positive and small constants.
Mean curvature
Using the evolution equation for the mean curvature
which implies since D is positive
We can integrate the evolution equation using our time origin choice (9) which implies
where
D is positive thus we can conclude
or
Estimate of the metric and P
For a matrix A its norm can be defined as:
Let B and C be n × n symmetric matrices with C positive definite. It is possible to define a relative norm by:
Clearly:
It also true that:
Using (42) we obtain in the sense of quadratic forms:
Defineḡ
where we have introduced for technical reasons a small positive parameter γ. Using now the inequality (43)
Using the equation (44) and the estimate of
We obtain decay for the metric (in the sense of quadratic forms) provided that (H −2 σ cd σ cd ) 1 2 ≤ 1. This holds due to our bootstrap assumptions. Thus we have
This implies that the components of the metric are also bounded by some constant C(t 0 ) which depends on the terms of g ab (t 0 ). Consider noẇ
Since the metric components are bounded the non-diagonal terms will contribute only with an ǫ. Thus we have for every component g ij (no summation over the indices in the following equation):
Using now the estimate of Hġ
One can conclude that
Note that a corresponding estimate for g can also be obtained. From (45)
which means that
which gives us for P :
which leads us to S H 2 = O(t −2+ǫ ).
Closing the bootstrap argument
From these estimates it follows immediately that
What remains to be improved to close the bootstrap argument isÃ. From equation (35) one can compute that the first order terms look as followṡ
Choosing |Σ + | < 3 4Ã initially it follows that
which is an improvement. Thus with a bootstrap argument (cf. [15] , [16] ) we can conclude:
Proposition. Consider any C ∞ solution of the Einstein-Vlasov system with Bianchi V symmetry and with C ∞ initial data. Assume that
, and P (t 0 ) are sufficiently small. Then at late times the following estimates hold:
6 Main results
Arzela-Ascoli
Until now we have obtained estimates which show that the decay rates of the different variables are up to an ǫ the decay rates one obtains from the linearization. We want to use the Arzela-Ascoli theorem. All of the relevant variables and their derivatives are bounded. The variables Σ − , Σ + , Σ j i with i = j and A are bounded uniformly due to our estimates and the constraint equation. The Hubble variable H and its derivative is bounded as well. We have also obtained with the bootstrap argument that P , which is non-negative, decays which means that S/H 2 is bounded. From the estimates obtained it is clear that g ab and its derivative are bounded. Now having a look at the equations we see that the derivatives of Σ − , Σ + , Σ j i with i = j and A are also bounded uniformly. We can bound the derivative of S with the Vlasov equation and integrating by parts. For a more detailed analysis we refer to [15] . This menas that also the second derivatives of Σ − , Σ + , Σ j i with i = j and A and H are bounded. Now all the relevant quantities are bounded and the Arzela-Ascoli theorem can be applied. As a consequence:
We thus obtain the optimal decay rates for the metric and for its derivative. This implies that we obtain the optimal decay rates for P . Since S/H 2 is zero asymptotically we obtain the optimal estimates for Σ − , Σ + , Σ j i with i = j. Let us summarize:
Theorem. Consider any C ∞ solution of the Einstein-Vlasov system with Bianchi V symmetry and with C ∞ initial data. Assume that |Σ + (t 0 )|, |Σ − (t 0 )|, |Σ i j (t 0 )| for all i = j, |A(t 0 ) − 1|, and P (t 0 ) are sufficiently small. Then at late times the following estimates hold: 
Consequences
By the same methods as in [14] Corollary 1. Consider the same assumptions as in the previous theorem. Then
with G ij independent of time. The corresponding result for the inverse metric also holds.
where p are the Kasner exponents.
We see that as in Bianchi I there is isotropization, in this case even faster. Considering the derivative of V t 2 one can see that V t 2 converges to C + O(t −1 ) this in combination with (46) leads us to Corollary 2. Consider the same assumptions as in the previous theorem. Then:
Since f (t 0 , p) has compact support on p, we obtain that there exists a constant C such that:
Let us denote byp the momenta in an orthonormal frame. Since f (t,p) is constant along the characteristics we have:
|f (t,p)| ≤ f 0 = sup{|f (t 0 ,p)|}.
Putting these facts together we arrive at the estimates which we summarize in the following: We see that also here we have a dustlike behavior.
Outlook
We have shown that the spatially flat Friedmann solution with collisionless matter is unstable within the class of isotropic solutions. The asymptotic behaviour of forever expanding isotropic solutions is determined. They all tend to the Milne solution. It would be of interest to see whether in the Boltzmann case a similar statement can be made. For not necessarily isotropic solutions of the Einstein-Vlasov system with Bianchi V symmetry we have shown future non-linear stability and that these solutions tend asymptotically to the Milne solution. Bianchi V spacetimes are the simplest type within class B Bianchi spacetimes. All models of Bianchi B types IV, V, VI h and VII h coupled to a fluid are asymptotically self-similar solutions in particular, they tend to plane wave states. In observational cosmology there has been some recent interest in the Bianchi VII h type. Although there is no direct evidence for a physical Bianchi VII h model, the Planck data according to [1] provide evidence supporting a phenomenological Bianchi VII h component. It should be possible to do a similar stability analysis to the one presented here which may shed some light on this discussion.
